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AN EXTENSION OF THE PIATETSKI-SHAPIRO PRIME
NUMBER THEOREM

Stephan Baier

Abstract:

Balog and Harman proved that for any λ in the interval 1/2 ≤ λ < 1 and any real θ

there are infinitely many primes p satisfying
{
pλ − θ

}
< p−(1−λ)/2+ε (with an asymptotic

result). In the present paper we prove that for 59/85 = 0.694... < λ < 1 the above expo-
nent −(1−λ)/2+ε may be replaced by −min{max{(35−22λ)/129, 1/7}, 5/18−λ/6}+ε.
This result in particular contains the Piatetski-Shapiro prime number theorem in the ver-
sion given by Liu and Rivat: We have |{n ≤ N : [nc] prime}| ∼ N/(c logN) as N →∞
if 1 < c < 15/13. For the proof of our result we use exponential sum techniques.

Mathematics Subject Classification (2000): 11N05, 11L20

1 Introduction

In [2], [3], [4], [5], [6], [8] and [9], Balog, Harman and the author of the present paper
studied the distribution of fractional parts of pλ, p running over the prime numbers and
λ being a given real number lying in the interval 0 < λ < 1. Balog′s and Harman′s result
for the range 1/2 ≤ λ < 1 (see [4], [8] and [6, Theorem 2]) can be formulated as follows.

Theorem 1: Suppose that B > 0, λ ∈ [1/2, 1) and a real θ are given. Then for any
fixed τ in the range 0 ≤ τ < (1− λ)/2 we have

∑
n ≤ N,{

nλ − θ
}

< n−τ

Λ(n) =
N1−τ

1− τ
+O

(
N1−τ

(logN)B

)
(1)

as N →∞.

Here, as in the following, Λ(n) denotes the von Mangoldt function.
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In particular, Theorem 1 implies that
{
p1/2

}
< p−1/4+ε for infinitely many primes

p. Recently, Harman and Lewis [10] proved that the above exponent −1/4 + ε may be
replaced by -0.262. However, their method works only for λ = 1/2. Already about fifty
years ago Ankeny [1] and Kubilius [13] proved that, provided the Riemann Hypothesis for

Hecke L-series with Größencharacters overQ(i) holds true,
{
p1/2

}
< p−1/2+ε for infinitely

many primes p. If the term ε in the latter exponent −1/2+ε could be removed, we knew
that n2 +1 is prime infinitely many often. However, it seems to be extremely difficult to
prove this - even conditionally.

It is known that Theorem 1 may be improved for λ close to 1 (see [4]) using expo-
nential sum techniques like in the proof of the Piatetski-Shapiro prime number theorem.
However, as far as the author knows, this has never been carried out explicitly in the
literature. The purpose of the present paper is to fill this gap. We will improve on
Theorem 1 in the range 59/85 = 0.694... < λ < 1. Our main result is

Theorem 2: Suppose that B > 0, λ ∈ (59/85, 1) and a real θ are given. Define

G(λ) := min{max{(35− 22λ)/129, 1/7}, 5/18− λ/6}

=



(35− 22λ)/129 if 59/85 < λ ≤ 58/77,

1/7 if 58/77 < λ ≤ 17/21,

5/18− λ/6 if 17/21 < λ < 1.

Then for any fixed τ in the range 0 ≤ τ < G(λ) we have (1) as N →∞.

Theorem 2 may be viewed as an extension of the Piatetski-Shapiro prime number
theorem in the version given by Liu and Rivat [14]:

Theorem 3: Suppose that 0 ≤ θ < 1. Then for 1 < c < 15/13 = 1.1538... we have

|{n ≤ x : [(n+ θ)c] prime}| ∼ x

c log x
(2)

as x→∞.

The first result of this kind was obtained by Piatetski-Shapiro [15] who showed that
(2) with θ = 0 holds true for 1 < c < 12/11. The c-range has been improved by many
authors. The latest record is 1 < c < 2817/2426 = 1.161... obtained by Rivat and Sargos
[16].

Theorem 3 can be easily deduced from Theorem 2 by putting λ := 1/c and
τ := 1− λ. We point out that 1− λ < G(λ) if 13/15 < λ < 1.

Acknowledgements. This was written when the author held a Marie-Curie Post-
doctoral Fellowship at the Department of Pure Mathematics and Mathematical Statistics
of the University of Cambridge (United Kingdom). He thanks the Marie-Curie Founda-
tion of the European Union for financial support.
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2 Reduction to exponential sums

The standard procedure for attacking problems related to the Piatetski-Shapiro prime
number theorem (see [11], [12], [14], [15], [16], for instance) is as follows: Firstly, one
reduces the sum of Λ(n) in question (in our paper, this is the sum on the left side of (1))
to exponential sums of the form

∑
n∼N

Λ(n)e
(
hnλ

)
.

Secondly, one breaks up these exponential sums into certain bilinear exponential sums
(so-called type I and type II sums) by using Vaughan-type identities. Finally, one es-
timates these bilinear exponential sums in a non-trivial way. Here we also follow this
approach. However, since the first two steps were completely carried out in several papers
(see [11] for example), we omit some details in these steps.

Throughout the following, we suppose that λ, τ and t are given real numbers satisfying
1/2 ≤ λ < 1 and 0 ≤ τ < t < 1, and we put

H := N t.

The parameter t will later be choosen suitably in dependence on λ and τ . Furthermore,
we suppose that η is a (small) positive real number. By the notation k ∼ K we mean k
to be lying in some interval K1 ≤ k ≤ K2 with K/2 ≤ K1 ≤ K2 ≤ 2K.

Using the Fourier series expansion of {x} , we obtain

Lemma 1: Suppose that (ah) is a sequence of complex numbers. Assume that we
uniformly have, as N →∞,

∑
1≤h≤H

ah

∑
N<n≤2N

Λ(n)
(
1− e

(
hn−τ

))
e
(
h
(
nλ − θ

))
= O

(
N1−τ−η

)
(3)

if |ah| ≤ 1/h (h ∈ N). Then the asymptotic estimate (1) holds true.

From Lemma 1, using partial summation and the bounds

1− e
(
hn−τ

)
� hn−τ , (4)

∂

∂x

(
1− e

(
hx−τ

))
� hx−τ−1, (5)

we obtain

Lemma 2: We have (1) if

sup
N<N1≤2N

∑
1≤h≤H

∣∣∣∣∣∣
∑

N<n≤N1

Λ(n)e
(
hnλ

)∣∣∣∣∣∣ = O
(
N1−η

)
(6)

for a suitable η > 0.
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Employing an identity given in [11] for Λ(n), we obtain

Lemma 3: Suppose that u, v and z are real parameters satisfying the conditions

3 ≤ u < v < z < 2N, z − 1/2 ∈ N, z ≥ 4u2, N ≥ 32z2u, v3 ≥ 64N.

Suppose further that 1 ≤ Y ≤ N , XY = N and 1 ≤ J ≤ H. Let (am), (bn), (ch) be
sequences of complex numbers. We write

K :=
∑

m∼X

∑
n ∼ Y,

mn ∼ N

∑
h∼J

amche
(
hmλnλ

)

and

L :=
∑

m∼X

∑
n ∼ Y,

mn ∼ N

∑
h∼J

ambnche
(
hmλnλ

)
.

Then the estimate (6) holds true if we uniformly have

K � N1−2η for Y ≥ z, J ≤ H and |am|, |ch| ≤ 1 (m,h ∈ N)

and

L� N1−2η for u ≤ Y ≤ v, J ≤ H and |am|, |bn|, |ch| ≤ 1 (m,n, h ∈ N).

3 Treatment of L

From now on, we suppose that 1 ≤ Y ≤ N , XY = N , 1 ≤ J ≤ H, and that (am),
(bn), (ch) are sequences of complex numbers such that |am| ≤ 1, |bn| ≤ 1, |ch| ≤ 1 for all
m,n, h ∈ N.

The following lemma has been established by Heath-Brown (see [11], page 257).

Lemma 4: Let Q be any positive integer and ε be any positive real number. Then

|L|2 �
(
QX

(
JXλY λQ−1

)1/2 (
J2Q−1Y 2 + JY

)
+ QX2−λ

(
JY 2−λ + JY Xλ

))
N ε.

To optimize the estimate in Lemma 4, we choose

Q := 1 +
[
JX(λ−2)/3Y (λ+2)/3

]
.

Then, by a short calculation using J ≤ H = N t and XY = N , we obtain
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Lemma 5: We have

|L|2 �
(
N1+λ/2+3t/2 +N2−λ+t +N2+tY −1 +N4/3+λ/3+2tY 1/3+

N2/3+2λ/3+2tY 2/3 +N4/3−2λ/3+2tY 4/3
)
N ε.

This implies

Lemma 6: For every sufficiently small fixed η > 0 we have

L� N1−2η

when

N t+100η ≤ Y ≤ N2−λ−6t−100η,

provided the conditions

t < λ, t < (2− λ)/3, t > (1− λ)/3 (7)

are satisfied.

4 Treatment of K

Heath-Brown established the following two estimates for the term

Kh :=
∑

m∼X

∑
n ∼ Y,

mn ∼ N

ame
(
hmλnλ

)

(see [11], pages 261-262).

Lemma 7: (i) We have

Kh � (logN)2
(
N1−λh−1 +Xh1/2Nλ/2

)
.

(ii) Let (p, q) be any exponent pair for which 0 < p ≤ 1/2 ≤ q ≤ 1. Let P be any
positive integer. Then

|Kh|2 � (logN)8(X +NP−1)
(
N +N (p+1/2)λY q−2p−1/2Hp+1/2P p+3/2+

N1−λ/2Y 1/2h−1/2P 1/2 + Y P
)
.

Since
|K| ≤

∑
J/2≤h≤2J

|Kh|, (8)
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from the estimates in Lemma 7, we can immediately deduce two estimates for K. We
take the exponent pair (p, q) = (2/7, 4/7), assume that t < 14/11− λ, and choose

P :=
[
N (2−(1+2p)(λ+t))/(2p+3)Y (4p+1−2q)/(2p+3)

]
=
[
N (14−11(λ+t))/25Y 7/25

]
. (9)

Then, from Lemma 7 and (8), we obtain

Lemma 8: (i) We have

K � (logN)3
(
N1−λ +XN (λ+3t)/2

)
.

(ii) We have

K � (logN)4
(
N (36+11λ+61t)/50Y −7/50 +N (43−7λ+43t)/50Y 9/50 +N1/2+tY 1/2

)
,

provided the conditions

t < 14/11− λ, Y ≥ N (14−11(λ+t))/18 (10)

are satisfied.

Alternatively, adapting the method in [14], we can employ the following estimate of
Fouvry-Iwaniec [7, Theorem 3] for trilinear exponential sums with monomials to estimate
the complete triple sum K, taking advantage of the effect arising from the summation
over h.

Lemma 9: Let α, α1, α2 be real constants such that α 6= 1, αα1α2 6= 0. Let M , M1,
M2, x ≥ 1 and |φm| ≤ 1, |ψm1,m2| ≤ 1. We then have

∑
m∼M

∑
m1∼M1

∑
m2∼M2

φmψm1,m2e

(
x
mαmα1

1 m
α2
2

MαMα1
1 Mα2

2

)

�
(
x1/4M1/2(M1M2)

3/4 +M7/10M1M2 +M(M1M2)
3/4 + x−1/4M11/10M1M2

)
(log(2MM1M2))

2.

To handle K, we firstly separate the dependence over the range of summation of m
and n by a variant of Perron′s formula (see [7, Lemma 6], for instance). In this manner,
we end up with trilinear sums of the form

∑
m∼X

∑
n∼Y

∑
h∼J

φmψnεhe
(
hmλnλ

)
.

We then estimate these sums by applying Lemma 9 with the following choice of para-
meters:

x := JNλ, M := Y, M1 := X, M2 := J, α := λ, α1 := λ, α2 := 1.
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Additionally taking J ≤ H = N t and XY = N into account, we arrive at the following
estimate for K.

Lemma 10: We have

K �
(
N3/4+λ/4+tY −1/4 +N1+tY −3/10 +N3/4+3t/4Y 1/4 +N1−λ/4+3t/4Y 1/10

)
(logN)3.

Another possible choice of the parameters in Lemma 9 is:

x := JNλ, M := X, M1 := Y, M2 := J, α := λ, α1 := λ, α2 := 1.

This choice leads to the following estimate for K.

Lemma 11: We have

K �
(
N1/2+λ/4+tY 1/4 +N7/10+tY 3/10 +N1+3t/4Y −1/4 +N11/10−λ/4+3t/4Y −1/10

)
(logN)3.

Next, we successively process the estimates given in Lemmas 8, 10 and 11 to deter-
mine on which conditions we have K � N1−2η. From Lemma 8, we obtain

Lemma 12: (i) For every sufficiently small fixed η > 0 we have

K � N1−2η (11)

when

N (λ+3t)/2+100η ≤ Y.

(ii) For every sufficiently small fixed η > 0 we have (11) when

N (11λ+61t)/7−2+100η ≤ Y ≤ Nmin{1−2t,(7(1+λ)−43t)/9}−100η,

provided the conditions

t < 14/11− λ, t > (14− 11λ)/47 (12)

are satisfied.

From Lemmas 10 and 11, we derive

Lemma 13: For every sufficiently small fixed η > 0 we have (11) when

Nmax{10t/3,λ+4t−1}+100η ≤ Y ≤ N1−3t−100η

or

N3t+100η ≤ Y ≤ Nmin{1−10t/3,2−λ−4t}−100η,
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provided the condition

t < (5λ− 2)/9 (13)

is satisfied.

Combining Lemmas 12 and 13, we obtain

Lemma 14: (i) For every sufficiently small fixed η > 0 we have (11) when

N (11λ+61t)/7−2+100η ≤ Y,

provided the condition (12) as well as the conditions

t < (2− λ)/7, t < (14 + 5λ)/113 (14)

are satisfied.
(ii) For every sufficiently small fixed η > 0 we have (11) when

N3t+100η ≤ Y,

provided the conditions in (12), (13), (14) as well as the conditions

t < (21− 11λ)/82, t < 3/20, t < (3− 2λ)/8 (15)

are satisfied.

Proof: To prove part (i), it suffices to show that

(λ+ 3t)/2 < min{1− 2t, (7(1 + λ)− 43t)/9}.

This actually follows from the conditions in (14).
To prove part (ii), we additionally have to show that

(11λ+ 61t)/7− 2 < 1− 3t (16)

and

max{10t/3, λ+ 4t− 1} < min{1− 10t/3, 2− λ− 4t}. (17)

The inequality (16) follows from the first condition in (15), and (17) follows from the
second and the third condition in (15).

5 Proof of Theorem 2

Firstly, we suppose that 58/77 < λ < 1 and

0 ≤ τ < min{1/7, 5/18− λ/6}.
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We choose t in such a manner that

max{τ, (1− λ)/3, (14− 11λ)/47, 1/9} < t < min{1/7, 5/18− λ/6},

and we take

u := N t+100η,

v := 4N1/3,

z :=
[
N3t+100η

]
+ 1/2.

Then the conditions in (7), (12), (13), (14), (15) to λ and t are satisfied. To see that
the conditions in Lemma 3 to u, v, z are also satsified, we notice that, if η is sufficiently
small and N is sufficiently large, we have v < z because of t > 1/9, and N ≥ 32z2u
because of t < 1/7.

Now, combining Lemma 2, Lemma 3, Lemma 6 and Lemma 14(ii), and taking
1/3 < 2−λ− 6t by t < 5/18−λ/6 into consideration, we obtain the result of Theorem
2 in the range 58/77 < λ < 1.

Secondly, we suppose that 59/85 < λ ≤ 58/77 and

0 ≤ τ < (35− 22λ)/129.

We choose t in such a manner that

max{τ, (1− λ)/3, (14− 11λ)/47, (49− 33λ)/183} < t < (35− 22λ)/129,

and we take

u := N t+100η,

v := 4N1/3,

z :=
[
N (11λ+61t)/7−2+100η

]
+ 1/2.

Then the conditions in (7), (12), (14) to λ and t are satisfied. To see that the conditions
in Lemma 3 to u, v, z are also satsified, we notice that, if η is sufficiently small and N
is sufficiently large, we have v < z because of t > (49 − 33λ)/183, z ≥ 4u2 because of
t > (14− 11λ)/47, and N ≥ 32z2u because of t < (35− 22λ)/129.

Now, combining Lemma 2, Lemma 3, Lemma 6 and Lemma 14(i), we obtain the
result of Theorem 2 in the range 59/85 < λ < 58/77. This completes the proof. 2
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